In this paper, the author is concerned with the fractional equation
0+ u(t)), t ∈ (0, 1),
with the anti-periodic boundary value conditions
where C D γ 0+ denotes the Caputo fractional derivative of order γ , the constants α, α 1 , α 2 , β 1 , β 2 satisfy the conditions 2 < α ≤ 3, 0 < α 1 ≤ 1 < α 2 ≤ 2, 0 < β 1 < 1 < β 2 < 2.
Different from the recent studies, the function f involves the Caputo fractional derivative C D 
Introduction
In the present paper, we are concerned with the existence of solutions for the fractional differential equation 
where D α + denotes the Caputo fractional derivative of order α. By applying some wellknown fixed point principles, some existence and uniqueness results are obtained.
In [], Ahmad, Nieto studied the following anti-periodic fractional boundary value problem: 
By using Schauder's fixed point theorem and the contraction mapping principle, some existence and uniqueness results are obtained.
By careful analysis, we have found that the anti-periodic boundary value condition
in equations (.) and (.) actually is equivalent to the
the feature of anti-periodicity partially disappears. So, in the present paper, we put forward new anti-periodic boundary value conditions (.) so that the anti-periodicity is expressed. In fact, when β  → , β  → , the anti-periodic boundary value conditions in (.)
are changed into the boundary value conditions 
However, if such a norm was taken in the study, the introduced conditions would get more complex. So, we take the norm u = max{ u  , u  } by finding some implicit relations.
As a result, the conditions introduced are quite simple. By applying the Banach contraction mapping principle and the Leray-Schauder degree theory, some existence results of solutions are obtained in this paper.
The organization of this paper is as follows. In Section , we present some necessary definitions and preliminary results that will be used to prove our main results. In Section , we put forward and prove our main results. Finally, we give two examples to demonstrate our main results.
Preliminaries
In this section, we introduce some preliminary facts which are used throughout this paper.
Let N be the set of positive integers, R be the set of real numbers. 
It is well known that X is a Banach space endowed
Thus, u  ≤ u  , and so
In what follows, we regard X as the Banach space with the norm
We have the following lemma. http://www.advancesindifferenceequations.com/content/2013/1/53
Lemma . For a given h ∈ C[, ], the function u is a solution of the following antiperiodic boundary value problem:
(.)
If and only if u
be a solution of (.). Then, by Lemma ., we have
Now, we show that
Thus,
and so
Similarly, we also have
Thus, by the boundary value condition in (.), combined with (.), (.)-(.), we have
Substituting (.)-(.) into (.), we obtain
That is, u satisfies (.). Conversely, if u is a solution of the fractional integral equation (.), then by finding the second derivative for both sides of (.), we have
. Again, by Lemma . and (.), a direct computation shows that the solution given by (.) satisfies (.). This completes the proof. Now, we define the operator A as
From the proof of Lemma ., we know that the operator A maps C[, ] into X. Now, we establish the following lemma, which will play an important role in the forthcoming analysis.
Lemma . For any u
Proof Conclusion (i) has been proved as before. We come to show that conclusions (ii)-(iii) are true. Obviously, when α  = , α  = , the conclusions are true. So, we only consider the case  < α  <  < α  < . In fact, by Lemma ., for any u ∈ X, we have
Similarly, we have that
We also need the following lemmas.
Lemma . ([]) Let X be a Banach space. Assume that is an open bounded subset of X with θ ∈ , and T :¯ → X is a completely continuous operator such that
Then T has a fixed point in¯ .
Lemma . (Leray-Schauder []) Let X be a Banach space. Assume that T : X → X is a completely continuous operator and the set V = {u ∈ X|u = μTu,  < μ < } is bounded. Then T has a fixed point in X.

Main results
We list the following hypotheses which will be used in the sequel:
First, we establish the following lemma to obtain our main results.
Lemma . Assume that (H  )-(H  ) hold. Then the operator T : X → X is completely continuous, where T is defined by
(Tu)(t) = (AFu)(t), (Fu)(t) = f t, u(t), C D α  + u(t), C D α  + u(t) , t ∈ [, ],
and the operator A is given by (.).
Proof For any u ∈ X, we have that
Then Fu ∈ C[, ] from the hypothesis (H  ). Thus, Tu ∈ X from (.) and the proof of Lemma ..
First, by a direct computation, we know that the following relations hold:
Now, we show that T is a compact operator. Let V be an arbitrary bounded set in X. Then there exists an L >  such that u  ≤ L. Thus, by Lemma ., it follows that
So, by the hypothesis (H  ), there exists an M >  such that
Consequently, by (.), (.) and observing that
Similarly, by (.), (.), we have
That is, TV is uniformly bounded. Now, we show that TV is equicontinuous.
In fact, for any u ∈ V and t  ,
So, inequalities (.)-(.) imply that TV is equicontinuous. By the Arzela-Ascoli theorem, T is a compact operator. Finally, we prove that T is continuous. http://www.advancesindifferenceequations.com/content/2013/1/53
Assume that {u n } is an arbitrary sequence in X with u n → u  , u  ∈ X. Then there is an
. . , and so
, n = , , , . . . , from Lemma .. On the other hand, for an arbitrary ε > , there is a δ >  such that
.
In view of the fact that u n → u  , there is an N ≥  such that
when n ≥ N .
Thus, from (.)-(.) together with (.)-(.), by a similar deducing as (.)-(.), we have (Tu
Hence,
That is, T is continuous in X.
To state our main results in this paper, we first introduce some notations for convenience.
Let
, where L i (i = , , ) are given in (H  ).
We are in a position to state the first result in the present paper. Proof For any u, v ∈ X, by (H  ) and Lemma ., we have
So, it follows from (.) that
Thus, observing that
Similarly,
As DL < , T is a contraction mapping. So, by the contraction mapping principle, T has a unique fixed point u. That is, u is the unique solution of BVP (.)-(.) by Lemma ..
Our next existence result is based on Lemma .. ). Set = {x ∈ X : x  < r}. For any u ∈ ∂ , we have that u ∈ X with u  = r. Thus, u  ≤ r, u  ≤ r, and u  ≤ r. So, Lemma . ensures that
Therefore,
Thus, from (.), it follows that
Thus, by a similar deducing to that in (.) and (.), we have
Er. Proof As before, T : X → X is completely continuous. From f ∞ < λ, we can choose a ε ∈ (, λ) such that f ∞ < λ -ε. Then there is an R >  such that
Thus, Tu
Set V = {u : u ∈ X, u = μTu,  < μ < }. Now, we show that V is a bounded set. http://www.advancesindifferenceequations.com/content/2013/1/53
In fact, for any u ∈ V , from Lemma . and (.), it follows that
Thus, by (.) combined with (.) and observing that | -( -β  )t| ≤ ( -β  ), we have immediately
Similarly, we have
So, from (.)-(.), we have
Now, the relation u = μTu with  < μ <  implies
Because λDE = , the above inequality implies
. That is, V is a bounded set. So, by Lemma ., we have that T has at least one fixed point u. That is, u is a solution of BVP (.)-(.) by Lemma .. This completes the proof. . As f  < λ, all the assumptions of Theorem . are satisfied.
Hence BVP (.) has at least one solution.
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